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The three generalized Barnett–Lothe tensors L, S and H, appearing frequently in the investigations of the two-dimen-
sional deformations of anisotropic piezoelectric materials, may be expressed in terms of the material constants. In this
paper, the eigenvalues and eigenvectors for monoclinic piezoelectric materials of class m, with the symmetry plane at
x3 = 0 are constructed based on the extended Stroh formalism. Then the three generalized Barnett–Lothe tensors are cal-
culated from these eigenvectors and are expressed explicitly in terms of the elastic stiﬀness instead of the reduced elastic
compliance. The special case of transversely isotropic piezoelectric materials is also presented.
 2006 Elsevier Ltd. All rights reserved.
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It is known that Stroh formalism is mathematically elegant and technically powerful in determining the
two-dimensional deformations of anisotropic elastic solids (Stroh, 1958; Ting, 1996). The three real 3 · 3 matri-
ces L, S and H, called Barnett–Lothe tensors appear often in the solutions of many anisotropic linear elastic
boundary value problems. Due to its importance, the explicit expressions of Barnett–Lothe tensors have been
investigated by many researchers for purely elasticity problem. The most general anisotropic materials without
any symmetry plane assumed were considered by Wei and Ting (1994) and Ting (1997). Other related works
for anisotropic elastic materials with special symmetry plane considered are cited in the paper, e.g., by Soh
et al. (2001). However, all their representation of the three real matrices L, S and H are essentially in terms
of the reduced elastic compliances.0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.12.031
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lier by Barnett and Lothe (1975). In recent years, to better understanding the intrinsic coupling eﬀect between
mechanical and electrical ﬁeld, this extended Stroh formalism is widely used in the piezoelectric research ﬁeld.
In applying this extended formalism to anisotropic piezoelectricity problem, similar to the purely elasticity
problem, solutions may often be expressed in terms of three real 4 · 4 matrices L, S and H, or now called gen-
eralized Barnett–Lothe tensors (Ting, 1996). As noted by Soh et al. (2001), based on the extended Stroh for-
malism, the eigenvalues and the associated eigenvectors are not able to be expressed explicitly for piezoelectric
materials which make the explicit expressions of the generalized Barnett–Lothe tensors unavailable. To cir-
cumvent this, the modiﬁed Lekhinitskii formalism was adopted by them (Soh et al., 2001) to construct the
eigenvalues and the corresponding eigenvectors for the general anisotropic piezoelectric materials and the
explicit expressions of the generalized Barnett–Lothe tensors for transversely isotropic piezoelectric materials
are presented. Their results are all in terms of the reduced elastic compliances. The approach of constructing
the eigenvalues and the corresponding eigenvectors from the Lekhinitskii formalism was earlier used by many
researchers e.g. Suo (1990), Ting (1992) for purely elastic materials.
In this paper, we construct the eigenvalues and eigenvectors for monoclinic piezoelectric materials of class
m, with the symmetry plane at x3 = 0 based on the extended Stroh formalism in a straightforward manner.
The eigenvalues and eigenvectors are directly related to the elastic stiﬀness instead of the reduced elastic com-
pliance. With algebraic calculations (Wei and Ting, 1994), the explicit expressions of the three generalized Bar-
nett–Lothe tensors are presented in a concise form. Results for the special case of transversely isotropic
piezoelectric materials are also given. Below is the plan of our work. In Section 2, the extended Stroh formal-
ism is outlined. Then in Section 3 the eigenvalues and eigenvectors are constructed for monoclinic piezoelectric
materials with the symmetry plane at x3 = 0. In Section 4 the generalized Barnett–Lothe tensors are computed.
In Section 5, the special case of transversely isotropic piezoelectric materials is presented, and ﬁnally in Section
6 concludes the work.2. The extended Stroh formalism
In this section, the extended Stroh formalism is introduced in the following. The convention that all Latin
indices range from 1 to 3 (except where indicated) and repeated indices imply summation are all followed.
Bold-faced symbol stands for either column vectors or matrices depending on whether lower-case or upper-
case is used. In a rectangular coordinate system xi (i = 1,2,3), it is known that for two-dimensional piezoelec-
tric materials the generalized displacement vector u = [u1,u2,u3,u4]
T (ui, i = 1,2,3: the elastic displacements; u4:
electric potential) and the generalized stress function vector, u = [u1,u2,u3,u4]
T are expressed asu ¼ 2RefAf ðzÞg; ð2:1Þ
u ¼ 2RefB f ðzÞg; ð2:2ÞwhereA ¼½a1; a2; a3; a4; ð2:3Þ
B ¼½b1; b2; b3; b4; ð2:4Þ
f ðzÞ ¼½f1ðz1Þ; f2ðz2Þ; f3ðz3Þ; f4ðz4ÞT; ð2:5Þ
where the superscript T appearing above stands for the transpose and zk = x1 + pkx2. Unknown complex
number pk and constant vector ak are determined by the eigenrelationUak ¼ 0 ðk ¼ 1; 2; 3; 4Þ; ð2:6Þ
whereU ¼ ½Q þ pkðRþ RTÞ þ p2kT; ð2:7Þ
Q ¼ ci1k1 e1i1
eT1k1 a11
 
; R ¼ ci1k2 e1i2
eT2k1 a12
 
; T ¼ ci2k2 e2i2
eT2k2 a22
 
: ð2:8Þ
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indices are arisen from the constitutive equations for a linear piezoelectric material (Suo et al., 1992) which are
given byrij ¼ cijklekl  ekijEk; Di ¼ eiklekl þ aikEk; ð2:9Þ
where eij and Ei are the strains and electric ﬁelds, rij and Di are the stresses and electrical displacements, and
cijkl, ekij and aij are the elastic stiﬀnesses, piezoelectric-stress and dielectric constants, respectively. The general-
ized stress function vector expressed in Eq. (2.2) may be employed to evaluate the stress and electric displace-
ment components directly by the formula ast1 ¼ ½r11; r12; r13;D1T ¼  ouox2 ; t2 ¼ ½r21; r22; r23;D2
T ¼ ou
ox1
: ð2:10ÞThe column vector of matrix B = [b1,b2,b3,b4] appearing in Eq. (2.4) is related to the column vector of matrix
A = [a1,a2,a3,a4] in the following formbk ¼ ðRT þ pkTÞak; k ¼ 1; 2; 3; 4: ð2:11Þ
Matrices A and B deﬁned above possess the orthogonality relations (Ting, 1996) from which three real matri-
ces L, S and H, which are called the generalized Barnett–Lothe tensors (Ting, 1996), may be deﬁned asL ¼ 2iBBT; S ¼ ið2ABT  IÞ; H ¼ 2iAAT; ð2:12Þ
where i2 = 1 and I is a 4 · 4 unit real matrix. Matrices L and H are symmetric and non-singular. The deﬁned
three generalized Barnett–Lothe tensors are not independent. They are related byHL SS ¼ I ; SH þHST ¼ 0; LS þ STL ¼ 0: ð2:13a; b; cÞ
As has been pointed out by Soh et al. (2001), the explicit expressions of A and B can not be easily obtained for
anisotropic piezoelectric material based on the extended Stroh formalism. It would be even more diﬃcult to
obtain explicit expressions for real matrices L, S and H. In the following sections, we will construct matrices A
and B directly from the extended Stroh formalism and will present the three generalized Barnett–Lothe tensors
of L, S and H in explicit forms for monoclinic piezoelectric materials.3. The explicit expressions of A and B for monoclinic piezoelectric material
In this section the explicit expressions of A and B will be constructed for monoclinic piezoelectric materials
based on the extended Stroh formalism. For monoclinic piezoelectric materials of class m, with the symmetry
plane at x3 = 0 (Nye, 1985), the constitutive equation (Eq. (2.9)) isr11
r22
r33
r23
r13
r12
D1
D2
D3
2
66666666666666664
3
77777777777777775
¼
c11 c12 c13 0 0 c16 e11 e21 0
c12 c22 c23 0 0 c26 e12 e22 0
c13 c23 c33 c34 c35 c36 e13 e23 0
0 0 c34 c44 c45 0 0 0 e34
0 0 c35 c45 c55 0 0 0 e35
c16 c26 c36 0 0 c66 e16 e26 0
e11 e12 e13 0 0 e16 a11 a12 0
e21 e22 e23 0 0 e26 a12 a22 0
0 0 0 e34 e35 0 0 0 a33
2
66666666666666664
3
77777777777777775
e11
e22
e33
2e23
2e13
2e12
E1
E2
E3
2
66666666666666664
3
77777777777777775
; ð3:1Þwhere contracted notations eia and cab (a, b = 1,2, . . . , 6) have been used here for eikl and cijkl, respectively. The
matrix U = [Q + p(R + RT) + p2T] deﬁned in Eq. (2.7) for this kind of material becomes
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ðc66p2þ2c16pþc11Þ ðc26p2þðc12þc66Þpþ c16Þ 0 ðe26p2þðe21þ e16Þpþe11Þ
ðc26p2þðc12þ c66Þpþ c16Þ ðc22p2þ2c26pþc66Þ 0 ðe22p2þðe12þ e26Þpþe16Þ
0 0 ðc44p2þ2c45pþc55Þ 0
ðe26p2þðe21þ e16Þpþ e11Þ ðe22p2þðe12þe26Þpþ e16Þ 0 ða22p2þ2a12pþa11Þ
2
6664
3
7775:
ð3:2Þ
Letting the determinant of U equal to zero, an equation for the determination of the eigenvalues is produced
asjU j ¼ jc44p2 þ 2c45p þ c55jd ¼ 0; ð3:3Þ
which can be separated into the following two equations, i.e.,jc44p2 þ 2c45p þ c55j ¼ 0; ð3:4Þ
d ¼
ðc66p2 þ 2c16p þ c11Þ ðc26p2 þ ðc12 þ c66Þp þ c16Þ ðe26p2 þ ðe21 þ e16Þp þ e11Þ
ðc26p2 þ ðc12 þ c66Þp þ c16Þ ðc22p2 þ 2c26p þ c66Þ ðe22p2 þ ðe12 þ e26Þp þ e16Þ
ðe26p2 þ ðe21 þ e16Þp þ e11Þ ðe22p2 þ ðe12 þ e26Þp þ e16Þ ða22p2 þ 2a12p þ a11Þ


¼ 0: ð3:5ÞThe root corresponding to Eq. (3.4) with positive imaginary part is easily obtained asp3 ¼
c45 þ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c44c55  c245
p
c44
; ð3:6Þwhile the rest of the roots corresponding to Eq. (3.5) with positive imaginary part may be expressed asp1 ¼ m1 þ in1; p2 ¼ m2 þ in2; p4 ¼ m4 þ in4; ð3:7Þ
in which mk (k = 1,2,4) are real, nk (k = 1,2,4) are real and positive. Once all eigenvalues are determined, we
are then in a position to determine the corresponding eigenvectors a and b. To proceed this, we ﬁrst note that
the eigenvectors a may be written asak ¼ ½a1k; a2k; 0; a4kT ðk ¼ 1; 2; 4Þ; a3 ¼ ½0; 0; a33; 0T; ð3:8Þ
where a1k, a2k, a4k (k = 1,2,4) and a33 are unknown constants to be determined. The zero elements of a in Eq.
(3.8) are easily understood from the structure of the matrix U stated in Eq. (3.2). As to the eigenvector b, the
relationship between a and b in Eq. (2.11) implies that b is of the formbk ¼ ½b1k; b2k; 0; b4kT ðk ¼ 1; 2; 4Þ; b3 ¼ ½0; 0; 1; 0T; ð3:9Þ
where b1k, b2k and b4k (k = 1,2,4) are also unknown constants. Without loss of generality the unit length of
eigenvector b3 has been taken in Eq. (3.9). The condition of r12 = r21 (from Eqs. (2.2) and (2.10)) implies that
b1k and b2k are actually related to each other byb1k ¼ pkb2k ðk ¼ 1; 2; 4Þ: ð3:10Þ
With this relation the eigenvectors bk = [b1k,b2k, 0,b4k]
T (k = 1,2,4) may be further expressed asbk ¼ ½pk; 1; 0;hkT ðk ¼ 1; 2; 4Þ; ð3:11Þ
where we have chosen b2k = 1 (k = 1,2,4) and a new variable is taken for b4k, i.e., hk = b4k (or hk = b4k/b2k
if b2k5 1) for the simplicity.
Note that among the four elements of the eigenvectors bk (k = 1,2,4) shown in Eq. (3.11), only one element
hk is left to be determined. Therefore it is desirable to express the unknown elements of ak all in terms of hk.
This may be achieved by using the relation between ak and bk (k = 1,2,4) as shown in Eq. (2.11), i.e.,ak ¼ ðRT þ pkTÞ1bk ¼ Vbk; ð3:12Þ
where
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V 11 V 12 0 V 14
V 21 V 22 0 V 24
0 0 V 33 0
V 41 V 42 0 V 44
2
6664
3
7775; ð3:13Þwhere explicit expressions of the non-zero elements of matrix V are listed in Appendix A. Substituting Eqs.
(3.8), (3.11) and (3.13) into Eq. (3.12), we end up with the followinga1kðpkÞ ¼ ðj11hkðpkÞ þ j10Þ=D; ð3:14aÞ
a2kðpkÞ ¼ ðj21hkðpkÞ þ j20Þ=D ðk ¼ 1; 2; 4Þ; ð3:14bÞ
a4kðpkÞ ¼ ðj41hkðpkÞ þ j40Þ=D; ð3:14cÞ
a33ðp3Þ ¼ ðc45 þ p3c44Þ1 ¼
iﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c44c55  c245
p ; ð3:14dÞwhere D is deﬁned in Eq. (A2), andj11 ¼ ðc22e26  c26e22Þp2k þ ðc22e16 þ c26e26  c26e12  c66e22Þpk þ c26e16  c66e12; ð3:15aÞ
j10 ¼ ðe222 þ c22a22Þp3k þ ð2c26a22 þ c22a12 þ 2e26e22 þ e22e12Þp2k
þ ð2c26a12 þ c66a22 þ e26e12 þ e226 þ e22e16Þpk þ e26e16 þ c66a12; ð3:15bÞ
j21 ¼ ðc66e22  c26e26Þp2k þ ðc66e12 þ c16e22  c12e26  c26e16Þpk þ c16e12  c12e16; ð3:15cÞ
j20 ¼ ðc26a22 þ e26e22Þp3k  ðc66a22 þ c26a12 þ c12a22 þ e26e12 þ e22e21 þ e226Þp2k
 ðc66a12 þ c12a12 þ c16a22 þ e26e16 þ e21e26 þ e12e21Þpk  ðe21e16 þ c16a12Þ; ð3:15dÞ
j41 ¼ ðc226  c22c66Þp2k þ ðc12c26  c16c22Þpk þ c12c66  c16c26; ð3:15eÞ
j40 ¼ ðc22e26  c26e22Þp3k þ ðc22e21 þ c26e26  c12e22  c66e22Þp2k
þ ð2c26e21  c12e26  c16e22Þpk þ c66e21  c16e26; ð3:15fÞIt is observed from Eq. (3.14) that the dependence of all the elements of eigenvectors ak(k = 1,2,4) on the ele-
ment hk are in a simple form. The only unknown element hk can be determined by substituting Eq. (3.14) into
Eq. (2.6) by enforcing the eigenvectors ak to satisfy the eigenrelation. By doing so, a vector equation is arrived
for hkq  Uak ¼ ½q1ðhkÞ; 0; 0; q4ðhkÞT ¼ 0: ð3:16ÞChoosing for example the condition of q4(hk) = 0, hk can be determined ashkðpkÞ ¼ 
b4p
4
k þ b3p3k þ b2p2k þ b1pk þ b0
n4p4k þ n3p3k þ n2p3k þ n1pk þ n0
; ð3:17Þwhere
J.Y. Liou, J.C. Sung / International Journal of Solids and Structures 44 (2007) 5208–5221 5213b4 ¼ c22e16a22  c26e12a22 þ c26e22a12  c22e26a12 þ e16e222  e26e22e12; ð3:18aÞ
b3 ¼ c22e11a22  c12e12a22  c66e12a22 þ c26e16a22 þ c22e16a12  c26e12a12
þ c12e22a12  c26e26a12 þ c66e22a12  c22e21a12  c22e26a11 þ c26e22a11
þ e16e26e22 þ e16e22e12  e21e22e12  e212e26  e226e12 þ e222e11; ð3:18bÞ
b2 ¼ c66e22a11 þ c12e22a11  c26e26a11  c22e21a11 þ c12e26a12
 c12e12a12  c66e12a12  2c26e21a12 þ c16e22a12 þ c26e16a12
þ c22e11a12 þ 2c26e11a22  c12e16a22  c16e12a22 þ 2e11e26e22
þ e11e22e12  e16e26e12  e21e22e16  e21e26e12  e212e21 þ e216e22; ð3:18cÞ
b1 ¼ c66e11a22  c16e16a22  c16e12a12  c66e21a12  c12e16a12
þ c16e26a12 þ 2c26e11a12  2c26e21a11 þ c12e26a11 þ c16e22a11
þ e11e26e12 þ e11e22e16 þ e226e11  e21e26e16  2e16e21e12; ð3:18dÞ
b0 ¼ c16e26a11  c66e21a11 þ c66e11a12  c16e16a12 þ e11e26e16  e21e216; ð3:18eÞ
n4 ¼ c66c22a22  2c26e22e26 þ c66e222 þ c22e226  c226a22; ð3:18fÞ
n3 ¼ 2c66e12e22 þ 2c22e16e26  2c26e22e16  2c26e12e26 þ c22e21e26 þ c16e222
 c12e22e26  c26e22e21  c12c26a22 þ c16c22a22 þ 2c66c22a12  2c226a12; ð3:18gÞ
n2 ¼ c66c22a11 þ 2c16c22a12  2c12c26a12  c12c66a22 þ c16c26a22  c226a11
þ c22e11e26  c26e22e11  c12e22e16  c26e12e21 þ 2c16e12e22 þ c26e21e26
þ c22e16e21 þ c16e22e26 þ c66e212  c66e22e21  c12e12e26  2c26e12e16
þ c22e216  c12e226; ð3:18hÞ
n1 ¼ c16e212  c12e12e16 þ c22e11e16  c26e12e11 þ c26e26e11  2c12e16e26
þ c26e16e21  c66e12e21 þ c16e22e16 þ c16e12e26  c66e11e22
þ c16c22a11  c12c26a11  2c12c66a12 þ 2c16c26a12; ð3:18iÞ
n0 ¼ c16c26a11  c12c66a11 þ c16e12e16  c66e12e11 þ c26e11e16  c12e216; ð3:18jÞIt can be veriﬁed that the values of hk determined above by the condition of q4(hk) = 0 automatically satisfy
the other condition, i.e., q1(hk) = 0. So far we have constructed the elements of matrices A and B in terms of
the elastic stiﬀness. In summary, matrices A and B for monoclinic piezoelectric materials with the symmetry
plane at x3 = 0 are expressed in the following form:A ¼
a11ðp1Þ a12ðp2Þ 0 a14ðp4Þ
a21ðp1Þ a22ðp2Þ 0 a24ðp4Þ
0 0 ðc45 þ p3c44Þ1 0
a41ðp1Þ a42ðp2Þ 0 a44ðp4Þ
2
6664
3
7775; B ¼
p1 p2 0 p4
1 1 0 1
0 0 1 0
h1 h2 0 h4
2
6664
3
7775; ð3:19Þwhere aik (i, k = 1,2,4) are given by Eq. (3.14) and hk (k = 1,2,4) is given by Eq. (3.17). The structure of the
eigenvectors a and b has been studied by many researchers, e.g., Soh et al. (2001), all are from the point of view
of Lekhinitskii formalism. We emphasize here that the same structure can also be constructed from the point
of view of Stroh formalism. One feature of the present approach is that the eigenvectors obtained above are
directly expressed in terms of the elastic stiﬀness, piezoelectric-stress and dielectric constants.
For later computations of L, S and H, we need inverse of B which is given byB1 ¼ 1jBj
h2  h4 p4h2  p2h4 0 p4  p2
h4  h1 p1h4  p4h1 0 p1  p4
0 0 jBj 0
h1  h2 p2h1  p1h2 0 p2  p1
2
6664
3
7775; ð3:20Þ
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With the expressions of A and B constructed in Eq. (3.19), the three real matrices L, S and H deﬁned in Eq.
(2.12) can now be determined. As noted by Ting (1992), Wei and Ting (1994) and Soh et al. (2001), a direct
substitution of A and B into Eq. (2.12) would lead to an undesired algebraic calculation for satisfying the
requirement of orthogonality relations (Ting, 1996). An alternative approach adopted by Ting (1992) and
Soh et al. (2001) is followed which employs the inverse of the generalized surface impedance matrixM (Lothe
and Barnett, 1976), which is written asY ¼M1  iAB1 ¼ L1  iSL1: ð4:1Þ
Note that M is a non-singular Hermitian matrix (Suo et al., 1992), as is the matrix M1.
Taking the real and imaginary part of Y deﬁned in Eq. (4.1), we may obtain L1 and SL1, respectively.
The results areL1 ¼
Y 11 Y 12 0 Y 14
Y 12 Y 22 0 Y 24
0 0 Y 33 0
Y 14 Y 24 0 Y 44
2
6664
3
7775; SL1 ¼
0 Y^ 12 0 Y^ 14
Y^ 12 0 0 Y^ 24
0 0 0 0
Y^ 14 Y^ 24 0 0
2
6664
3
7775; ð4:2ÞwhereY 11 ¼ i½a11ðh2  h4Þ þ a12ðh4  h1Þ þ a14ðh1  h2Þ=jBj; ð4:3aÞ
Y 22 ¼ i½a21ðh2p4  h4p2Þ þ a22ðh4p1  h1p4Þ þ a24ðh1p2  h2p1Þ=jBj; ð4:3bÞ
Y 44 ¼ i½a41ðp4  p2Þ þ a42ðp1  p4Þ þ a44ðp2  p1Þ=jBj; ð4:3cÞ
Y 12 ¼ Imf½a11ðh2p4  h4p2Þ þ a12ðh4p1  h1p4Þ þ a14ðh1p2  h2p1Þ=jBjg; ð4:3dÞ
Y^ 12 ¼ Ref½a11ðh2p4  h4p2Þ þ a12ðh4p1  h1p4Þ þ a14ðh1p2  h2p1Þ=jBjg; ð4:3eÞ
Y 14 ¼ Imf½a11ðp4  p2Þ þ a12ðp1  p4Þ þ a14ðp2  p1Þ=jBjg; ð4:3fÞ
Y^ 14 ¼ Ref½a11ðp4  p2Þ þ a12ðp1  p4Þ þ a14ðp2  p1Þ=jBjg; ð4:3gÞ
Y 24 ¼ Imf½a21ðp4  p2Þ þ a22ðp1  p4Þ þ a24ðp2  p1Þ=jBjg; ð4:3hÞ
Y^ 24 ¼ Ref½a21ðp4  p2Þ þ a22ðp1  p4Þ þ a24ðp2  p1Þ=jBjg; ð4:3iÞ
Y 33 ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c44c55  c245
p : ð4:3jÞTaking the inverse of L1, we obtain the matrix L asL ¼
ðY 22Y 44  Y 224Þ=DL ðY 14Y 24  Y 12Y 44Þ=DL 0 ðY 12Y 24  Y 14Y 22Þ=DL
ðY 14Y 24  Y 12Y 44Þ=DL ðY 11Y 44  Y 214Þ=DL 0 ðY 12Y 14  Y 24Y 11Þ=DL
0 0 Y 133 0
ðY 12Y 24  Y 14Y 22Þ=DL ðY 12Y 14  Y 24Y 11Þ=DL 0 ðY 11Y 22  Y 212Þ=DL
2
6664
3
7775; ð4:4ÞwhereDL ¼ Y 11Y 22Y 44 þ 2Y 12Y 14Y 24  Y 11Y 224  Y 22Y 214  Y 44Y 212: ð4:5Þ
Using the identity S = (SL1)L, the matrix S is found to be
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S11 S12 0 S14
S21 S22 0 S24
0 0 0 0
S41 S42 0 S44
2
66664
3
77775; ð4:6ÞwhereS11 ¼ ½Y^ 12ðY 12Y 44  Y 14Y 24Þ þ Y^ 14ðY 14Y 22  Y 12Y 24Þ=DL; ð4:7aÞ
S12 ¼ ½Y^ 12ðY 214  Y 11Y 44Þ þ Y^ 14ðY 11Y 24  Y 12Y 14Þ=DL; ð4:7bÞ
S14 ¼ ½Y^ 12ðY 11Y 24  Y 12Y 14Þ þ Y^ 14ðY 212  Y 11Y 22Þ=DL; ð4:7cÞ
S21 ¼ ½Y^ 12ðY 22Y 44  Y 224Þ þ Y^ 24ðY 14Y 22  Y 12Y 24Þ=DL; ð4:7dÞ
S22 ¼ ½Y^ 12ðY 14Y 24  Y 12Y 44Þ þ Y^ 24ðY 11Y 24  Y 12Y 14Þ=DL; ð4:7eÞ
S24 ¼ ½Y^ 12ðY 12Y 24  Y 14Y 22Þ þ Y^ 24ðY 212  Y 11Y 22Þ=DL; ð4:7fÞ
S41 ¼ ½Y^ 14ðY 22Y 44  Y 224Þ þ Y^ 24ðY 14Y 24  Y 12Y 44Þ=DL; ð4:7gÞ
S42 ¼ ½Y^ 14ðY 14Y 24  Y 12Y 44Þ þ Y^ 24ðY 11Y 44  Y 214Þ=DL; ð4:7hÞ
S44 ¼ ½Y^ 14ðY 12Y 24  Y 14Y 22Þ þ Y^ 24ðY 12Y 14  Y 11Y 24Þ=DL: ð4:7iÞThe matrix H may be determined by the expression given by Eq. (2.13a), i.e.,H ¼ L1 þ SðSL1Þ: ð4:8Þ
The result for H isH ¼
H 11 H 12 0 H 14
H 12 H 22 0 H 24
0 0 Y 33 0
H 14 H 24 0 H 44
2
66664
3
77775; ð4:9ÞwhereH 11 ¼ Y 11  ½Y^ 212ðY 11Y 44  Y 214Þ þ 2Y^ 12Y^ 14ðY 12Y 14  Y 11Y 24Þ þ Y^ 214ðY 11Y 22  Y 212Þ=DL; ð4:10aÞ
H 12 ¼ Y 12  ½Y^ 212ðY 12Y 44  Y 14Y 24Þ þ Y^ 12Y^ 24ðY 12Y 14  Y 11Y 24Þ
þ Y^ 12Y^ 14ðY 14Y 22  Y 12Y 24Þ þ Y^ 14Y^ 24ðY 11Y 22  Y 212Þ=DL; ð4:10bÞ
H 14 ¼ Y 14  ½Y^ 214ðY 14Y 22  Y 12Y 24Þ þ Y^ 12Y^ 24ðY 214  Y 11Y 44Þ
þ Y^ 12Y^ 14ðY 12Y 44  Y 14Y 24Þ þ Y^ 14Y^ 24ðY 11Y 24  Y 12Y 14Þ=DL; ð4:10cÞ
H 22 ¼ Y 22  ½Y^ 212ðY 22Y 44  Y 224Þ þ 2Y^ 12Y^ 24ðY 14Y 22  Y 12Y 24Þ þ Y^ 224ðY 11Y 22  Y 212Þ=DL; ð4:10dÞ
H 24 ¼ Y 24  ½Y^ 224ðY 11Y 24  Y 12Y 14Þ þ Y^ 12Y^ 24ðY 14Y 24  Y 12Y 44Þ
þ Y^ 12Y^ 14ðY 22Y 44  Y 224Þ þ Y^ 14Y^ 24ðY 14Y 22  Y 12Y 24Þ=DL; ð4:10eÞ
H 44 ¼ Y 44  ½Y^ 214ðY 22Y 44  Y 224Þ þ 2Y^ 14Y^ 24ðY 14Y 24  Y 12Y 44Þ þ Y^ 224ðY 11Y 44  Y 214Þ=DL: ð4:10fÞIt should be noted that the structures of the generalized Barnett–Lothe tensors have been given by Soh et al.
(2001) for transversely isotropic piezoelectric materials. Our results presented above are valid for monoclinic
piezoelectric materials. Both structures appear the same, however, more elements are not identically zero for
monoclinic piezoelectric materials. For example there are two extra elements of matrix L which are not iden-
tically zero, i.e., L125 0, L145 0. Besides, our results are expressed in terms of elastic stiﬀness instead of re-
duced elastic compliances as did in the paper by Soh et al. (2001).
5216 J.Y. Liou, J.C. Sung / International Journal of Solids and Structures 44 (2007) 5208–52215. The explicit expressions of A, B and L, S, H for transversely isotropic piezoelectric material
Since transversely isotropic piezoelectric material has wide applications, it is of interest to present in this
section the explicit expressions for matrices A and B and the corresponding generalized Barnett–Lothe tensors.
For transversely isotropic piezoelectric materials with thex2-axis parallel to the poling direction, the constitu-
tive equation can be obtained from monoclinic piezoelectric materials by letting c45 = c16 = c26 =
c36 = c34 = c35 = 0, c23 = c12, c33 = c11, c66 = c44, e11 = e12 = e13 = e26 = e35 = a12 = 0, e23 = e21 and
e34 = e16. With these vanishing elements, the matrix U deﬁned in Eq. (3.2) simpliﬁes toU ¼
ðc44p2 þ c11Þ ðc12 þ c44Þp 0 ðe21 þ e16Þp
ðc12 þ c44Þp ðc22p2 þ c44Þ 0 ðe22p2 þ e16Þ
0 0 ðc44p2 þ c55Þ 0
ðe21 þ e16Þp ðe22p2 þ e16Þ 0 ða22p2 þ a11Þ
2
6664
3
7775; ð5:1Þwhere c55 = (c11  c13)/2. The roots corresponding to jUj = 0 can be classiﬁed into two types. For the type I
the roots arep1 ¼ in1; p2 ¼ in2; p3 ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c55=c44
p
; p4 ¼ in4; ð5:2Þwhich show that all four roots are purely imaginary. As to type II the roots arep1 ¼ in1; p2 ¼ m2 þ in2; p3 ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c55=c44
p
; p4 ¼ m2 þ in2; ð5:3Þwhich show that two of them (p1 and p3) are purely imaginary and the rest two (p2 and p4) have non-zero real
parts but with equal imaginary parts (Suo et al., 1992). The corresponding eigenvectors a and b expressed in
the forms of Eqs. (3.8) and (3.9) are related to each other. By adopting the relation ak = (R
T + pkT)
1bk = Vbk
(where non-zero elements of matrix V for transversely isotropic piezoelectric materials are listed in Appendix
A) the elements of ak may be related to hk again by Eq. (3.14) but now the parameters shown in Eq. (3.15)
should be replaced byj11 ¼ ðc22e16  c44e22Þpk; ð5:4aÞ
j10 ¼ c22a22 þ e222
 
p3k þ ðc44a22 þ e22e16Þpk; ð5:4bÞ
j21 ¼ c44e22p2k  c12e16; ð5:4cÞ
j20 ¼ ðc12a22 þ e22e21 þ c44a22Þp2k  e21e16; ð5:4dÞ
j41 ¼ c22c44p2k þ c44c12; ð5:4eÞ
j40 ¼ ðc22e21  c12e22  c44e22Þp2k þ c44e21; ð5:4fÞanda33 ¼ ðp3c44Þ1 ¼
iﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c44c55
p : ð5:5ÞThe substitution of the eigenvector ak into Eq. (2.6) leads to an equation for the unknown hk which is deter-
mined ashkðpkÞ ¼ 
b4p
4
k þ b2p2k þ b0
n4p4k þ n2p2k þ n0
; ð5:6Þwhere
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b2 ¼ c12e22a11 þ c44e22a11  c22e21a11  c12e16a22  e16e22e21 þ e22e216; ð5:7bÞ
b0 ¼ c44e21a11  e21e216; ð5:7cÞ
n4 ¼ c22c44a22 þ c44e222; ð5:7dÞ
n2 ¼ c44e22e21 þ c22e21e16  c12e22e16 þ c22e216 þ c22c44a11  c12c44a22; ð5:7eÞ
n0 ¼ c44c12a11  c12e216: ð5:7fÞAlthough matrices A and B for transversely isotropic piezoelectric materials are still expressed in the form as
those in Eq. (3.19) (except the element a33 is replaced by a33 ¼ i= ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc44c55p Þ, we may further express the matri-
ces A and B in a more explicit form depending on what types of the p’s are. For type I, using the fact that
elements of hk(pk) (Eq. (5.6)) and a1k(pk) (k = 1,2,4) (Eq. (3.14a)) are all real, and the fact that elements of
a2k(pk), a4k(pk) (k = 1,2,4) (Eqs. (3.14b) and (3.14c)) are all purely imaginary, matrices A and B
1 may be fur-
ther expressed asA ¼
a11ðp1Þ a12ðp2Þ 0 a14ðp4Þ
iImfa21ðp1Þg iImfa22ðp2Þg 0 iImfa24ðp4Þg
0 0 iﬃﬃﬃﬃﬃﬃﬃﬃc44c55p 0
iImfa41ðp1Þg iImfa42ðp2Þg 0 iImfa44ðp4Þg
2
6664
3
7775; ð5:8Þ
B1 ¼ 1jBj
h2  h4 iðImfp4gh2  Imfp2gh4Þ 0 iImfp4  p2g
h4  h1 iðImfp1gh4  Imfp4gh1Þ 0 iImfp1  p4g
0 0 jBj 0
h1  h2 iðImfp2gh1  Imfp1gh2Þ 0 iImfp2  p1g
2
6664
3
7775; ð5:9ÞwherejBj ¼ i½h1Imfp2  p4g þ h2Imfp4  p1g þ h4Imfp1  p2g; ð5:10Þ
which is purely imaginary. For type II, noting that p4 ¼ p2 (Eq. (5.3)), and h4 ¼ h2 (Eq. (5.6)), the matrices A
and B1 are further written asA ¼
a11ðp1Þ a12ðp2Þ 0 a12ðp2Þ
a21ðp1Þ a22ðp2Þ 0 a22ðp2Þ
0 0 iﬃﬃﬃﬃﬃﬃﬃﬃc44c55p 0
a41ðp1Þ a42ðp2Þ 0 a42ðp2Þ
2
6664
3
7775; ð5:11Þ
B1 ¼ 1jBj
2iImfh2g 2Refp2h2g 0 2Refp2g
h2  h1 p1h2 þ p2h1 0 p1 þ p2
0 0 jBj 0
h1  h2 p2h1  p1h2 0 p2  p1
2
6664
3
7775; ð5:12ÞwherejBj ¼ 2h1Refp2g þ 2Imfp1gImfh2g  2Refh2p2g: ð5:13Þ
Here jBj is real since p1 is purely imaginary, and h1 is real for type II. For both type I and type II, matrices L1,
SL1 and the generalized Barnett–Lothe tensors L, S and H are all expressed in the same following formL1 ¼
Y 11 0 0 0
0 Y 22 0 Y 24
0 0 Y 33 0
0 Y 24 0 Y 44
2
6664
3
7775; SL1 ¼
0 Y^ 12 0 Y^ 14
Y^ 12 0 0 0
0 0 0 0
Y^ 14 0 0 0
2
6664
3
7775; ð5:14Þ
5218 J.Y. Liou, J.C. Sung / International Journal of Solids and Structures 44 (2007) 5208–5221andL ¼
1
Y 11
0 0 0
0 Y 44
Y 22Y 44Y 224
0 Y 24
Y 2
24
Y 22Y 44
0 0 1Y 33 0
0 Y 24
Y 2
24
Y 22Y 44 0
Y 22
Y 22Y 44Y 224
2
666664
3
777775
; ð5:15aÞ
S ¼
0 Y^ 14Y 24Y^ 12Y 44
Y 22Y 44Y 224
0 Y^ 12Y 24Y^ 14Y 22
Y 22Y 44Y 224
Y^ 12
Y 11
0 0 0
0 0 0 0
Y^ 14
Y 11
0 0 0
2
666664
3
777775
; ð5:15bÞ
H ¼
Y 11  Y^
2
12
Y 442Y^ 12Y^ 14Y 24þY^ 214Y 22
Y 22Y 44Y 224
0 0 0
0 Y 22  Y^
2
12
Y 11
0 Y 24  Y^ 12 Y^ 14Y 11
0 0 Y 33 0
0 Y 24  Y^ 12 Y^ 14Y 11 0 Y 44 
Y^ 2
14
Y 11
2
6666664
3
7777775
; ð5:15cÞwith the elements shown above taken diﬀerent values for diﬀerent type roots. For type I the elements appear-
ing in Eqs. (5.14) and (5.15) areY 11 ¼ i½ðh2  h4Þa11 þ ðh4  h1Þa12 þ ðh1  h2Þa14=jBj; ð5:16aÞ
Y 22 ¼ i½h4ða22p1  a21p2Þ þ h2ða21p4  a24p1Þ þ h1ða24p2  a22p4Þ=jBj; ð5:16bÞ
Y 44 ¼ i½p1ða42  a44Þ þ p2ða44  a41Þ þ p4ða41  a42Þ=jBj; ð5:16cÞ
Y 24 ¼ i½p1ða22  a24Þ þ p2ða24  a21Þ þ p4ða21  a22Þ=jBj; ð5:16dÞ
Y^ 12 ¼ i½Imfp1gðh4a12  h2a14Þ þ Imfp2gðh1a14  h4a11Þ þ Imfp4gðh2a11  h1a12Þ=jBj; ð5:16eÞ
Y^ 14 ¼ i½Imfp1gða12  a14Þ þ Imfp2gða14  a11Þ þ Imfp4gða11  a12Þ=jBj; ð5:16fÞ
Y 33 ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc44c55p ; ð5:16gÞwhich are all real and for type II the elements of Eqs. (5.14) and (5.15) areY 11 ¼ 2½h1Imfa12ðp2Þg  a11ðp1ÞImfh2g  Imfa12ðp2Þh2g=jBj; ð5:17aÞ
Y 22 ¼ 2½Imfa21ðp1ÞgRefp2h2g  Imfp1gRefa22ðp2Þh2g  h1Imfa22ðp2Þp2g=jBj; ð5:17bÞ
Y 44 ¼ 2½Imfa41ðp1ÞgRefp2g  Imfp1gRefa42ðp2Þg  Imfa42ðp2Þp2g=jBj; ð5:17cÞ
Y 24 ¼ 2½Imfa21ðp1ÞgRefp2g  Imfp1gRefa22ðp2Þg  Imfa22ðp2Þp2g=jBj; ð5:17dÞ
Y^ 12 ¼ 2½h1Refa12ðp2Þp2g  a11ðp1ÞRefp2h2g  Imfp1gImfa12ðp2Þh2g=jBj; ð5:17eÞ
Y^ 14 ¼ 2½Refa12ðp2Þp2g  a11ðp1ÞRefp2g  Imfp1gImfa12ðp2Þg=jBj; ð5:17fÞ
Y 33 ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc44c55p ; ð5:17gÞwhich are all real again. Note again that the structures of the generalized Barnett–Lothe tensors given above
have the same form as those given by Soh et al. (2001). Their results are, however, in terms of the reduced
elastic compliances.
Numerical results for some practical piezoelectric materials calculated by the present formulae are given in
Appendix B. The material constants (Ou and Chen, 2003) corresponding to these practical piezoelectric mate-
rials are listed in Table 1 of Appendix B. The non-zero elements of matrices Y and the three generalized Bar-
nett–Lothe tensors corresponding to these practical piezoelectric materials are given in Table 2 of Appendix B.
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transversely isotropic piezoelectric materials. To validate our procedure, we take the results of PZT-5H for
comparison. With the material constants shown in Appendix B for PZT-5H, the results of Y = iAB1 calcu-
lated from the paper by Liu (2005) areY ¼ iAB1 ¼
0:01755 0:007293i 0 0:008337i
0:007263i 0:01604 0 0:01277
0 0 0:02824 0
0:008315i 0:01281 0 0:04579
2
6664
3
7775; ð5:18Þwhile the results from our formulae areY ¼ iAB1 ¼
0:01755 0:007292i 0 0:008342i
0:007292i 0:01607 0 0:01278
0 0 0:02825 0
0:008342i 0:01278 0 0:04578
2
6664
3
7775; ð5:19Þwhich show that both are in good agreement.6. Conclusions
We construct the eigenvalues and eigenvectors for monoclinic piezoelectric materials of class m, with the
symmetry plane at x3 = 0 based on the extended Stroh formalism. The approach is eﬀective and straightfor-
ward similar to those researchers who employ the modiﬁed Lekhinitskii formalism. Our eigenvalues and eigen-
vectors are directly related to the elastic stiﬀness instead of the reduced elastic compliance. The explicit
expressions of the three generalized Barnett–Lothe tensors are presented, all are in terms of the elastic stiﬀness.
Results for the special case of transversely isotropic piezoelectric materials are also given. It is noted that the
present approach may be applied to the determination of Barnett–Lothe tensors for the general anisotropic
elastic materials which is under investigation.Appendix A
The non-zero elements of matrix V in Eq. (3.13) for monoclinic piezoelectric materials are as follows:V 11 ¼  e222 þ c22a22Þp2k þ ðc26a22 þ e22e26 þ c22a12 þ e12e22Þpk þ ðc26a12 þ e26e12
  	
=D;
V 12 ¼ ðc26a22 þ e22e26Þp2k þ c66a22 þ e226 þ c26a12 þ e22e16
 
pk þ ðc66a12 þ e26e16Þ
 	
=D;
V 14 ¼ ðc26e22  c22e26Þp2k þ ðc66e22 þ c26e12  c26e26  c22e16Þpk þ ðc66e12  c26e16Þ
 	
=D;
V 21 ¼ ðc26a22 þ e22e26Þp2k þ ðc12a22 þ e22e21 þ c26a12 þ e26e12Þpk þ ðc12a12 þ e12e21Þ
 	
=D;
V 22 ¼  e226 þ c66a22
 
p2k þ ðc16a22 þ e21e26 þ c66a12 þ e16e26Þpk þ ðc16a12 þ e16e21Þ
 	
=D;
V 24 ¼ ðc26e26  c66e22Þp2k þ ðc12e26 þ c26e16  c16e22  c66e12Þpk þ ðc12e16  c16e12Þ
 	
=D;
V 41 ¼ ðc26e22  c22e26Þp2k þ ðc12e22  c22e21Þpk þ ðc12e26  c26e21Þ
 	
=D;
V 42 ¼ ðc26e26  c66e22Þp2k þ ðc26e21  c16e22Þpk þ ðc66e21  c16e26Þ
 	
=D;
V 44 ¼ ðc22c66  c226Þp2k þ ðc16c22  c12c26Þpk þ ðc16c26  c12c66Þ
 	
=D;
V 33 ¼ ðc44pk þ c45Þ1;
ðA1Þwhere
Table 2
The non-zero elements of matrices Y , L, S and H for practical piezoelectric ceramics
PZT-4 PZT-5H PZT-6B PZT-7A PZT-7 BaTiO3
Type II Type II Type I Type II Type II Type II
p1 1.1902i 1.0711i 0.5176i 1.6367i 0.9693i 0.9391i
p2 0.2733 + 1.0872i 0.1932 + 1.0373i 2.1015i 0.1075 + 0.8808i 0.3948 + 1.0113i 0.2293 + 1.0037i
p3 1.0933i 1.0028 i 1.4116i 1.1889i 0.9695i 0.9770i
p4 0.2733 + 1.0872i 0. 1932 + 1.0373i 1.0143i 0.1075 + 0.8808i 0.3948 + 1.0113i 0.2293 + 1.0037i
Y11 0.01763 0.01755 0.01710 0.01961 0.02186 0.01527
Y22 0.01752 0.01607 0.01619 0.01912 0.02214 0.01415
Y33 0.03573 0.02825 0.02614 0.03312 0.04126 0.02326
Y44 0.08765 0.04578 0.2469 0.1002 0.03951 0.07321
Y24 0.02215 0.01278 0.01754 0.01498 0.01220 0.01222
Yˆ12 0.007612 0.007292 0.004987 0.005820 0.006463 0.005476
Yˆ14 0.01881 0.008342 0.01116 0.01222 0.01041 0.00707
L11 56.7312 56.9742 58.4851 50.9872 45.7544 65.4858
L22 43.2659 50.9409 57.3358 46.8220 38.5987 61.7674
L33 27.9885 35.3999 38.2543 30.1971 24.2382 42.9885
L44 8.64621 17.8766 3.76076 8.93653 21.6311 11.9390
L24 10.9323 14.2158 4.07429 7.00488 11.9132 10.3067
S12 0.1237 0.2529 0.2405 0.1869 0.1255 0.2654
S14 0.2458 0.2528 0.0623 0.1499 0.3021 0.1408
S21 0.4318 0.4155 0.2917 0.2967 0.2957 0.3586
S41 1.0670 0.4753 0.6528 0.6229 0.4762 0.4630
H11 0.0213 0.0178 0.0166 0.0204 0.0242 0.0148
H22 0.0142 0.0130 0.0147 0.0174 0.0202 0.0122
H33 0.0357 0.0282 0.0261 0.0331 0.0413 0.0233
H44 0.1077 0.0497 0.2542 0.1078 0.0445 0.0765
H24 0.0303 0.0162 0.0208 0.0186 0.0153 0.0148
Table 1
Material constants for practical piezoelectric ceramics
Unit PZT-4 PZT-5H PZT-6B PZT-7A PZT-7 BaTiO3
c11 10
9N m2 139. 126. 168. 148. 130. 150.
c12 10
9N m2 74.3 53.0 60.0 74.2 83.0 66.0
c13 10
9N m2 77.8 55.0 60.0 76.2 83.0 66.0
c22 10
9N m2 113. 117. 163. 131. 119. 146.
c44 10
9N m2 25.6 35.3 27.1 25.4 25.0 44.
e21 C m
2 6.98 6.50 0.90 2.10 10.3 4.35
e22 C m
2 13.8 23.3 7.10 9.50 14.7 17.5
e16 C m
2 13.4 17.0 4.60 9.70 13.5 11.4
a11 10
9C (Vm)1 6.00 15.1 3.60 8.11 17.1 9.87
a22 10
9C (Vm)1 5.47 13.0 3.40 7.35 18.6 11.2
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D3 ¼ c226a22  c66c22a22 þ 2c26e22e26  c66e222  c22c226;
D2 ¼ c12c26a22  c16c22a22  c66c22a12 þ c226a12 þ c26e22e16  c22e16e26
þ c26e12e26  c66e12e22 þ c12e22e26 þ c26e22e21  c22e21e26  c16e222;
D1 ¼ c12c66a22  c16c26a22 þ c12c26a12  c16c22a12  c16e22e26  c16e12e22
þ c12e226 þ c66e22e21 þ c12e22e16 þ c26e12e21  c26e26e21  c22e21e16;
D0 ¼ c12c66a12  c16c26a12  c16e12e26 þ c12e16e26 þ c66e12e21  c26e16e21:
ðA2ÞThe non-zero elements of matrix V for transversely isotropic piezoelectric materials are as follows:
J.Y. Liou, J.C. Sung / International Journal of Solids and Structures 44 (2007) 5208–5221 5221V 11 ¼  c22a22 þ e222
 
p2k=D; V 12 ¼ c44a22 þ e22e16ð Þpk=D;
V 14 ¼ c44e22  c22e16ð Þpk=D; V 21 ¼ ðc12a22 þ e22e21Þpk=D;
V 22 ¼  c44a22p2k þ e21e16
 
=D; V 24 ¼  c44e22p2k  c12e16
 
=D;
V 41 ¼ ðc12e22  c22e21Þpk=D; V 42 ¼ c44 e22p2k  e21
 
=D;
V 44 ¼ c44 c22p2k  c12
 
=D; V 33 ¼ ðc44pkÞ1;
ðA3ÞwhereD ¼ pk c22c44a22 þ c44e222
 
p2k þ ðc22e21e16  c44e21e22  c12e22e16  c44c12a22Þ
 	
: ðA4ÞAppendix B
See Tables 1 and 2.
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